
RX8 GBM2�` +QK#BM�iBQMbX

yX �bbmK2/ #�+F;`QmM/X

Ç RXR J�i`B+2b- K�i`Bt �//BiBQM- �M/ b+�H�` KmHiBTHB+�iBQM 7Q` K�i`B+2bX
Ç RXk J�i`Bt KmHiBTHB+�iBQMX
Ç RXj h`�MbTQb2- bvKK2i`v �M/ bF2r@bvKK2i`vX

�#bi`�+iX q2 BMi`Q/m+2,ě

Ç i?2 MQiBQM Q7 HBM2�` +QK#BM�iBQMbX
RX JQiBp�iBQM 7Q` i?2 mT+QKBM; /2}MBiBQM 7Q` i?2 MQiBQM Q7 ǵHBM2�` +QK#BM�iBQMbǶX

Pmi Q7 �Mv ;Bp2M K�i`B+2b A,B,C,D, · · · Q7 i?2 b�K2 bBx2- �M/ �Mv ;Bp2M MmK#2`b α,β, γ, δ, · · · - r2 +�M 7Q`K- rBi?
�//BiBQM �M/ b+�H�` KmHiBTHB+�iBQM �HQM2- p�`BQmb M2r K�i`B+2b Q7 i?2 b�K2 bBx2

αA, βB, γC, δD, · · · ,
αA+ βB, αA+ βB + γC, αA+ βB + γC + δD, · · ·

h?Bb ivT2 Q7 ǵ�H;2#`�B+ 2tT`2bbBQMbǶ rBHH im`M mT M�im`�HHv BM K�Mv bBim�iBQMb U2t�+iHv #2+�mb2 i?2v �`2 7Q`K2/ rBi?
i?2 bBKTH2bi FBM/b Q7 K�i`Bt QT2`�iBQMbV- �M/ rBHH Q7i2M TH�v 7mM/�K2Mi�H `QH2bX
6Q` i?Bb `2�bQM- i?Bb ivT2 Q7 2tT`2bbBQMb /2b2`p2b #2BM; ;Bp2M � M�K2- �M/ Bib #2?�pBQm` /2b2`p2b �ii2MiBQMX
>2`2- 7Q` bBKTHB+Biv- r2 QMHv +QMbB/2` i?2 bT2+B�H bBim�iBQM BM r?B+? i?2 K�i`B+2b mM/2` [m2biBQMb �`2 +QHmKM p2+iQ`b
�M/ `Qr p2+iQ`bX

kX .2}MBiBQMX UGBM2�` +QK#BM�iBQM Q7 +QHmKMf`Qr p2+iQ`b Qp2` `2�H UQ` +QKTH2tV MmK#2`bXV
G2i u1,u2, · · · ,uq #2 +QHmKMf`Qr p2+iQ`b rBi? p `2�H UQ` +QKTH2tV 2Mi`B2bX Uh?2b2 q p2+iQ`b �`2 MQi �bbmK2/ iQ #2
T�B`rBb2 /BbiBM+iXV

URV �Mv 2tT`2bbBQM Q7 i?2 7Q`K
α1u1 + α2u2 + · · ·+ αquq,

BM r?B+? α1,α2, · · · ,αq �`2 `2�H UQ` +QKTH2tV MmK#2`b- Bb +�HH2/ � HBM2�` +QK#BM�iBQM Q7 i?2 +QHmKMf`Qr
p2+iQ`b u1,u2, · · · ,uq rBi? `2bT2+i iQ i?2 `2�H UQ` +QKTH2tV b+�H�`b α1,α2, · · · ,αqX

UkV G2i v #2 � +QHmKMf`Qr p2+iQ` rBi? p `2�H UQ` +QKTH2tV 2Mi`B2bX
q2 b�v v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,up Qp2` i?2 `2�H UQ` +QKTH2tV MmK#2`b B7 i?2 bi�i2K2Mi
(LC) ?QH/b,

(LC) h?2`2 2tBbi bQK2 `2�H UQ` +QKTH2tV MmK#2`b α1,α2, · · · ,αq bm+? i?�i v = α1u1 + α2u2 + · · ·+ αquqX

_2K�`Fb QM i2`KBMQHQ;B2bX

U�V �M 2[m�HBiv i?�i `2�/b
ǵv = α1u1 + α2u2 + · · ·+ αquqǶ

Bb +�HH2/ � HBM2�` `2H�iBQM `2H�iBM; v rBi? u1,u2, · · · ,upX
U#V BX A7 u1,u2, · · · ,uq �`2 i?2 j1@i?- j2@i?- XXX- jq@i? +QHmKMbf`Qrb BM � K�i`Bt- b�v- A- rBi? `2�H UQ` +QKTH2tV

2Mi`B2b- r2 rBHH +�HH � HBM2�` +QK#BM�iBQM Q7 i?2b2 q +QHmKMf`Qr p2+iQ`b � HBM2�` +QK#BM�iBQM Q7 i?2
j1@i?- j2@i?- XXX- jq@i? +QHmKMbf`Qrb Q7 AX

BBX 6m`i?2`KQ`2- B7 A Bb � (p× q)@K�i`Bt �M/ u1,u2, · · · ,uq �`2 2t�+iHv i?2 q +QHmKMbf`Qrb Q7 A- bm+? � HBM2�`
+QK#BM�iBQM Bb +�HH2/ � HBM2�` +QK#BM�iBQM Q7 i?2 +QHmKMbf`Qrb Q7 AX

jX *QKK2Mi URV QM i?2 /2}MBiBQMbX
6`QK MQr QM- 7Q` bBKTHB+Biv Q7 T`2b2Mi�iBQM- r2 rBHH 7Q+mb QM HBM2�` +QK#BM�iBQMb Q7 +QHmKMf`Qr p2+iQ`b ?2`2 rBi?
`2�H 2Mi`B2b Qp2` `2�H MmK#2`b,ě

Ç h?2 T?`�b2 ǵrBi? p 2Mi`B2bǶ rBHH `2�/ ǵrBi? p `2�H 2Mi`B2bǶX
Ç h?2 T?`�b2 ǵi?2 MmK#2`bfb+�H�`b α1,α2, · · · Ƕ rBHH `2�/ ǵi?2 `2�H MmK#2`bfb+�H�`b α1,α2, · · · ǶX
Ç h?2 T?`�b2 ǵ� HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · Ƕ rBHH `2�/ ǵ� HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · Qp2` i?2 `2�H

MmK#2`bǶX
Ç h?2 T?`�b2 ǵi?2 K�i`Bt AǶ rBHH `2�/ ǵi?2 K�i`Bt A rBi? `2�H 2Mi`B2bǶX
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1i +2i2`�X
Pm` +QM+2Tim�H mM/2`bi�M/BM; rBHH MQi #2 r2�F2M2/X q?2M r2 +QMbBbi2MiHv +?�M;2 i?2 `272`2M+2 iQ `2�H MmK#2`b iQ
+QKTH2t MmK#2`b BM i?2 /2}MBiBQMb- i?2Q`2Kb- �M/ T`QQ7b bi�i2/ ?2`2- r2 rBHH `2+Qp2` i?2 +Q``2bTQM/BM; /2}MBiBQMb-
i?2Q`2Kb �M/ T`QQ7b +QM+2`M2/ rBi? HBM2�` +QK#BM�iBQMb Q7 +QHmKMf`Qr p2+iQ`b rBi? +QKTH2t 2Mi`B2b Qp2` +QKTH2t
MmK#2`bX
h?Bb Bb #2+�mb2 i?2 /2}MBiBQMb- i?2Q`2Kb- �M/ T`QQ7b r2 bi�i2 ?2`2 `2;�`/BM; i?2 MQiBQM Q7 HBM2�` +QK#BM�iBQMb `2Hv
QMHv QM i?2 i?2 #�bB+ ǵ�H;2#`�B+ T`QT2`iB2bǶ Q7 K�i`Bt �//BiBQM- b+�H�` KmHiBTHB+�iBQM- �M/ K�i`Bt KmHiBTHB+�iBQM-
r?B+? BM im`M `2Hv QMHv QM i?2 #�bB+ ǵ�H;2#`�B+ T`QT2`iB2bǶ Q7 �//BiBQM- bm#i`�+iBQM- KmHiBTHB+�iBQM �M/ /BpBbBQM 7Q`
`2�H MmK#2`bX "mi i?2b2 #�bB+ ǵ�H;2#`�B+ T`QT2`iB2bǶ Q7 �//BiBQM- bm#i`�+iBQM- KmHiBTHB+�iBQM �M/ /BpBbBQM 7Q` +QKTH2t
MmK#2`b �`2 7Q`K�HHv i?2 ǵb�K2Ƕ �b i?�i 7Q` `2�H MmK#2`bX

9X G2KK� URVX Uǵ.B+iBQM�`vǶ #2ir22M HBM2�` +QK#BM�iBQMb Q7 +QHmKM p2+iQ`b �M/ i?�i Q7 `Qr p2+iQ`bXV
amTTQb2 v,u1,u2, · · · ,uq �`2 +QHmKMf`Qr p2+iQ`b rBi? p 2Mi`B2b- �M/ α1,α2, · · · ,αq �`2 b+�H�`bX
h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,

URV h?2 +QHmKMf`Qr p2+iQ` v Bb � HBM2�` +QK#BM�iBQM Q7 i?2 +QHmKMf`Qr p2+iQ`b u1,u2, · · · ,uq rBi? `2bT2+i iQ
b+�H�`b α1,α2, · · · ,αqX

UkV h?2 `Qrf+QHmKM p2+iQ` vt Bb � HBM2�` +QK#BM�iBQM Q7 i?2 `Qrf+QHmKM p2+iQ`b ut
1,u

t
2, · · · ,ut

q rBi? `2bT2+i iQ
b+�H�`b α1,α2, · · · ,αqX

S`QQ7 Q7 G2KK� URVX 1t2`+Bb2X

8X *QKK2Mi UkV QM i?2 /2}MBiBQMb- �b � `2K�`F QM G2KK� URVX
"2+�mb2 Q7 G2KK� URV- 7Q` 2�+? `2bmHi BMpQHpBM; i?2 MQiBQM Q7 HBM2�` +QK#BM�iBQMb Q7 +QHmKM p2+iQ`b �HQM2- r2 +�M
BKK2/B�i2Hv Q#i�BM �M �M�HQ;Qmb `2bmHib +QM+2`M2/ rBi? `Qr p2+iQ`b #v +?�M;BM; i?2 rQ`/ ǵ+QHmKMǶ iQ ǵ`QrǶ- �M/
i�FBM; ǵi`�MbTQb2Ƕ 7Q` �HH K�i`B+2b �M/ p2+iQ`b BMpQHp2/ BM i?2 bi�i2K2Mi �M/ Bib T`QQ7X
aQ- 7`QK MQr QM- 7Q` 7m`i?2` bBKTHB+Biv Q7 T`2b2Mi�iBQM- r2 rBHH bi�i2 U�M/ T`Qp2V `2bmHib +QM+2`M2/ rBi? +QHmKM
p2+iQ`b QMHv- �b KQbi Q7 i?2 iBK2 BM i?Bb +Qm`b2 r2 M22/ +QHmKM p2+iQ`b `�i?2` i?�M `Qr p2+iQ`bX

eX G2KK� UkVX Uǵ.B+iBQM�`vǶ #2ir22M HBM2�` +QK#BM�iBQMb �M/ K�i`Bt@p2+iQ` T`Q/m+ibXV
G2i A #2 �M (p× q)@K�i`Bt �M/ t #2 � +QHmKM p2+iQ` rBi? q 2Mi`B2bX
amTTQb2 i?�i 7Q` 2�+? j = 1, 2, · · · , q- i?2 j@i? +QHmKM Q7 A Bb aj �M/ i?2 j@i? 2Mi`v Q7 t Bb tj X

UaQ A = [ a1 a2 · · · aq ] �M/ t =





t1
t2
XXX
tq



XV

h?2M At = t1a1 + t2a2 + · · ·+ tqaqX

dX *QKK2Mi UjV QM i?2 /2}MBiBQMb- �b � `2K�`F QM G2KK� UkVX
G2KK� UkV HBMFb mT i?2 /2}MBiBQMb UQM HBM2�` +QK#BM�iBQMb Q7 +QHmKM p2+iQ`bV rBi? K�i`Bt KmHiBTHB+�iBQMX
AM TH�BM rQ`/b- i?2 `2bmHi b�vb,ě

Ç � ;Bp2M +QHmKM p2+iQ` Bb � HBM2�` +QK#BM�iBQM Q7 i?2 +QHmKMb Q7 � ;Bp2M K�i`Bt B7 �M/ QMHv B7 i?2 +QHmKM p2+iQ`
+QM+2`M2/ Bb `2bmHi�Mi 7`QK KmHiBTHvBM; i?2 K�i`Bt +QM+2`M2/ 7`QK i?2 H27i iQ bQK2 �TT`QT`B�i2 +QHmKM p2+iQ`X

q?BH2 i?2 `2bmHi HQQFb BMMQ+2Mi- Bi rBHH b2`p2 �b � mb27mH iQQH- #2+�mb2 bQK2iBK2b Bi Bb KQ`2 +QMp2MB2Mi iQ i?BMF Q7
� HBM2�` +QK#BM�iBQM Q7 +QHmKM p2+iQ`b �b � K�i`Bt@p2+iQ` T`Q/m+i- �M/ bQK2 Qi?2` iBK2b Bi Bb KQ`2 +QMp2MB2Mi iQ
i?BMF Q7 � K�i`Bt@p2+iQ` T`Q/m+i �b � HBM2�` +QK#BM�iBQM Q7 i?2 +QHmKMb Q7 i?2 K�i`Bt BMpQHp2/ BM i?2 T`Q/m+iX

3X S`QQ7 Q7 G2KK� UkVX
G2i A #2 �M (p× q)@K�i`Bt �M/ t #2 � +QHmKM p2+iQ` rBi? q 2Mi`B2bX
amTTQb2 i?�i 7Q` 2�+? j = 1, 2, · · · , q- i?2 j@i? +QHmKM Q7 A Bb aj �M/ i?2 j@i? 2Mi`v Q7 t Bb tj X
6Q` 2�+? i, j- r2 /2MQi2 i?2 (i, j)@i? 2Mi`v Q7 A #v aij X

Ç h?2 i@i? 2Mi`v Q7 At Bb ;Bp2M #v
n∑

j=1

aijtj = t1ai1 + t2ai2 + · · ·+ tqaiqX

Ç 6Q` 2�+? j- i?2 i@i? 2Mi`v Q7 aj Ur?B+? Bb i?2 j@i? +QHmKM Q7 AV Bb aij X
h?2M i?2 i@i? 2Mi`v Q7 t1a1 + t2a2 + · · ·+ tqaq Bb t1ai1 + t2ai2 + · · ·+ tqaiqX
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h?2 +Q``2bTQM/BM; 2Mi`B2b Q7 At- t1a1 + t2a2 + · · ·+ tqaq �;`22 rBi? 2�+? Qi?2`X
>2M+2 At = t1a1 + t2a2 + · · ·+ tqaq BM/22/X

NX 1t�KTH2 URVX UaBKTH2 +QM+`2i2 2t�KTH2b �#Qmi HBM2�` +QK#BM�iBQMb Q7 +QHmKMf`Qr p2+iQ`bXV

U�V





1
2
3
4
5



 = 1 ·





1
0
0
0
0



+ 2





0
1
0
0
0



+ 3





0
0
1
0
0



+ 4





0
0
0
1
0



+ 5





0
0
0
0
1



X

aQ





1
2
3
4
5



 Bb i?2 HBM2�` +QK#BM�iBQM Q7





1
0
0
0
0



-





0
1
0
0
0



-





0
0
1
0
0



-





0
0
0
1
0



-





0
0
0
0
1



 rBi? `2bT2+i iQ i?2 b+�H�`b 1, 2, 3, 4, 5X

� K�MB72bi�iBQM Q7 i?2 b�K2 `2H�iBQM Bb i?2 2[m�HBiv #2HQr,




1
2
3
4
5



 =





1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1









1
2
3
4
5



.

U#V





1
2
3
4
5



 = 1 ·





1
3
5
7
9



+ (−1)





0
2
4
6
8



+ 2





0
0
1
3
5



+ (−1)





0
0
0
3
6



+ 0 ·





0
0
0
0
2



X

aQ





1
2
3
4
5



 Bb �HbQ � HBM2�` +QK#BM�iBQM Q7





1
3
5
7
9



-





0
2
4
6
8



-





0
0
1
3
5



-





0
0
0
3
6



-





0
0
0
0
2



 rBi? `2bT2+i iQ i?2 b+�H�`b 1,−1, 2,−1, 0X

� K�MB72bi�iBQM Q7 i?2 b�K2 `2H�iBQM Bb i?2 2[m�HBiv #2HQr,




1
2
3
4
5



 =





1 0 0 0 0
3 2 0 0 0
5 4 1 0 0
7 6 3 3 0
9 8 5 6 2









1
−1
2
−1
0



.

U+V [ −4 5 4 −1 ] = 2 [ 1 2 1 0 ] + 3 [ 2 3 2 1 ]− 4 [ 3 2 1 1 ]X
aQ [ −4 5 4 −1 ] Bb � HBM2�` +QK#BM�iBQM Q7 [ 1 2 1 0 ]- [ 2 3 2 1 ]- [ 3 2 1 1 ] rBi? `2bT2+i
iQ i?2 b+�H�` 2, 3,−4X
� K�MB72bi�iBQM Q7 i?2 b�K2 `2H�iBQM Bb i?2 2[m�HBiv #2HQr,

[ −4 5 4 −1 ] = [ 2 3 −4 ]

[
1 2 1 0
2 3 2 1
3 2 1 1

]
.

qBi? i`�MbTQb2 #2BM; i�F2M QM #Qi? bB/2b Q7 i?2 2[m�HBiv �#Qp2- r2 Q#i�BM �M 2[m�HBiv r?B+? ;Bp2b i?2 b�K2
BM7Q`K�iBQM, 


−4
5
4
−1



 =




1 2 3
2 3 1
1 2 1
0 1 1




[
2
3
−4

]
.

"mi i?Bb H�bi 2[m�HBiv Bb Dmbi ;BpBM; i?2 b�K2 BM7Q`K�iBQM �b i?Bb 2[m�HBiv �#Qmi HBM2�` +QK#BM�iBQMb Q7 +QHmKM
p2+iQ`bX 


−4
5
4
−1



 = 2




1
2
1
0



+ 3




2
3
2
1



− 4




3
2
1
1



.

RyX h?2Q`2K UjVX U�//BiBQM �M/ b+�H�` KmHiBTHB+�iBQM Q7 HBM2�` +QK#BM�iBQMbXV
G2i u1,u2, · · · ,uq #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
h?2 bi�i2K2Mib #2HQr �`2 i`m2,

U�V h?2 x2`Q p2+iQ` 0p Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
U#V h?2 bmK Q7 �Mv irQ HBM2�` +QK#BM�iBQMb Q7 u1,u2, · · · ,uq Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
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U+V 1p2`v b+�H�` KmHiBTH2 Q7 �Mv HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uq Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX

RRX S`QQ7 Q7 h?2Q`2K UjVX
G2i u1,u2, · · · ,uq #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX

U�V (�bF, *�M r2 M�K2 bQK2 �TT`QT`B�i2 MmK#2`b α1,α2, · · · ,αq 7Q` r?B+? i?2 2[m�HBiv 0p = α1u1 +α2u2 + · · ·+
αnuq ?QH/b\)
q2 ?�p2 0 = 0 · u1 + 0 · u2 + · · ·+ 0 · uqX
h?2M #v /2}MBiBQM- 0p Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX

U#V amTTQb2 v,w �`2 HBM2�` +QK#BM�iBQMb Q7 u1,u2, · · · ,uqX
h?2M- #v /2}MBiBQM- i?2`2 2tBbi bQK2 MmK#2`b β1,β2, · · · ,βq bm+? i?�i v = β1u1 + β2u2 + · · ·+ βquqX
�HbQ- i?2`2 2tBbi bQK2 MmK#2`b γ1, γ2, · · · , γq bm+? i?�i w = γ1u1 + γ2u2 + · · ·+ γquqX
(�bF, *�M r2 M�K2 bQK2 �TT`QT`B�i2 MmK#2`b α1,α2, · · · ,αq 7Q` r?B+? i?2 2[m�HBiv v +w = α1u1 + α2u2 +

· · ·+ αquq ?QH/b\)
LQi2 i?�i v +w = ... = (β1 + γ1)u1 + (β2 + γ2)u2 + · · · + (βq + γq)uq- �M/ β1 + γ1,β2 + γ2, · · · ,βq + γq �`2
r2HH@/2}M2/ �b MmK#2`bX
h?2M #v /2}MBiBQM- v +w Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX

U+V 1t2`+Bb2X

RkX h?2Q`2K U9VX UGBM2�` +QK#BM�iBQM Q7 HBM2�` +QK#BM�iBQMbXV
G2i u1,u2, · · · ,uq #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
1p2`v HBM2�` +QK#BM�iBQM Q7 U}MBi2Hv K�MvV HBM2�` +QK#BM�iBQMb Q7 u1,u2, · · · ,uq Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX

_2K�`FX AM 7�+i- h?2Q`2K U9V Bb b�vBM; i?2 b�K2 i?BM; �b ai�i2K2Mi U#V �M/ ai�i2K2Mi U+V BM h?2Q`2K UjV
+QK#BM2/X
Aib +QM+HmbBQM T�`i +�M #2 7Q`KmH�i2/ �b,

6Q` �Mv +QHmKM p2+iQ` x rBi? p 2Mi`B2b- B7 x Bb � HBM2�` +QK#BM�iBQM Q7 bQK2 +QHmKM p2+iQ`b v1,v2, · · · ,vn

rBi? p 2Mi`B2b- r?B+? �`2 i?2Kb2Hp2b HBM2�` +QK#BM�iBQMb Q7 +QHmKM p2+iQ`b u1,u2, · · · ,uq rBi? p 2Mi`B2b- i?2M
x Bib2H7 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX

RjX S`QQ7 Q7 h?2Q`2K U9VX
(h?Bb �`;mK2Mi +�``B2b i?2 b�K2 2bb2M+2 Q7 i?2 �`;mK2Mi 7Q` ai�i2K2Mi U#V �M/ ai�i2K2Mi U+V BM h?2Q`2K UjVX)
G2i u1,u2, · · · ,uq #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
SB+F �Mv +QHmKM p2+iQ` x rBi? p 2Mi`B2bX
amTTQb2 x Bb � HBM2�` +QK#BM�iBQM Q7 U}MBi2Hv K�MvV +QHmKM p2+iQ`b rBi? p 2MiB`2b- b�v- v1,v2, · · · ,vn- r?B+? �`2
HBM2�` +QK#BM�iBQMb Q7 u1,u2, · · · ,uqX
(_2KBM/2`, q2 r�Mi iQ b22 r?v x Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX)
"v /2}MBiBQM- x Bb � HBM2�` +QK#BM�iBQM Q7 v1,v2, · · · ,vnX
h?2M i?2`2 2tBbi bQK2 MmK#2`b α1,α2, · · · ,αn bm+? i?�i x = α1v1 + α2v2 + · · ·+ αnvnX
(�bF, *�M r2 HBMF mT i?2 uj Ƕb rBi? i?2 viǶb bQ �b iQ b22 i?�i x Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uq\)
"v �bbmKTiBQM- 7Q` 2�+? j = 1, 2, · · · , q- i?2`2 2tBbi bQK2 MmK#2`b β1j ,β2j , · · · ,βqj bm+? i?�i vj = β1ju1 + β2ju2 +
· · ·+ βqjuqX
h?2M

x = α1v1 + α2v2 + · · ·+ αnvn

= α1(β11u1 + β21u2 + · · ·+ βq1uq) + α2(β12u1 + β22u2 + · · ·+ βq2uq)

+ · · ·+ αn(β1pu1 + β2pu2 + · · ·+ βqnuq)

= (β11α1 + β12α2 + · · ·+ β1nαn)u1 + (β21α1 + β22α2 + · · ·+ β2nαn)u2

+ · · ·+ (βn1α1 + βn2α2 + · · ·+ βqnαn)uq

LQi2 i?�i (βk1α1 + βk2α2 + · · ·+ βknαn) Bb r2HH@/2}M2/ �b � MmK#2` 7Q` 2�+? k = 1, 2, · · · , qX
h?2M x Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
_2K�`FX q2 b?�HH H�i2` �HbQ ;Bp2 �M �Hi2`M�iBp2 �`;mK2Mi 7Q` h?2Q`2K UV- rBi? �M �TTHB+�iBQM Q7 K�i?2K�iB+�H
BM/m+iBQMX
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R9X 1t�KTH2 UkVX U*QM+`2i2 BHHmbi`�iBQM Q7 i?2 +QMi2Mi Q7 h?2Q`2K UjV- h?2Q`2K U9V- �M/ i?2 ǵ�H;2#`�B+
+QMi2MiǶ Q7 i?2B` T`QQ7bXV
G2i u1,u2,u3,u3,v1,v2,v3,w1,w2,x #2 +QHmKM p2+iQ`b rBi? 5 2Mi`B2bX
amTTQb2 v1 = 2u1 − 3u2 + 4u3 − u4- v2 = u1 + 2u2 − 3u3 + 4u4- v3 = −u1 + 3u2 + 2v3 + u4X
LQi2 i?�i 2�+? Q7 v1,v2,v3 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3,u4X

U�V LQi2 i?�i 05 = 0 · u1 + 0 · u2 + 0 · u3 + 0 · u4X
>2M+2 05 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3X

U#V amTTQb2 w1 = v1 + v2X UaQ w1 Bb i?2 bmK Q7 v1,v2XV
LQi2 i?�i w1 = v1 + v2 = (2u1 − 3u2 + 4u3 − u4) + (u1 + 2u2 − 3u3 + 4u4) = 3u1 − u2 + u3 + 3u4X
>2M+2 w1 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3X

U+V amTTQb2 w2 = 4v3X UaQ w2 Bb � b+�H�` KmHiBTH2 Q7 v3XV
LQi2 i?�i 4w2 = 4(−u1 + 3u2 + 2v3 + u4) = −4u1 + 12u2 + 8v3 + 4u4X
>2M+2 w2 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3X

U/V amTTQb2 w3 = 3v1 + 2v2 − 4v3X UaQ w3 Bb � HBM2�` +QK#BM�iBQM Q7 v1,v2,v3XV
LQi2 i?�i

w3 = 3v1 + 2v2 − 4v3

= 3(2u1 − 3u2 + 4u3 − u4) + 2(u1 + 2u2 − 3u3 + 4u4)− 4(−u1 + 3u2 + 2v3 + u4)

= 12u1 − 17u2 − 2u3 − u4

>2M+2 w3 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3X

R8X 1t�KTH2 UjVX U"�#v 2t�KTH2b QM +?2+FBM; r?2i?2` � ;Bp2M p2+iQ` Bb � HBM2�` +QK#BM�iBQM Q7 � MmK#2`
Q7 ;Bp2M p2+iQ`bXV
h?2 BHHmbi`�iBQMb #2HQr bm;;2bi i?�i bm+? T`Q#H2Kb K�v #2+QK2 MQM@i`BpB�H r?2M i?2 p2+iQ`b +QM+2`M2/ ?�p2 i?`22
Q` KQ`2 2Mi`B2bX h?2 F2v iQ i?2 T`Q#H2K b22Kb iQ #2 `2H�i2/ iQ K�i?2K�iB+�H Q#D2+ib i?�i r2 +�HH bvbi2Kb Q7 HBM2�`
2[m�iBQMbX

U�V G2i v =
[
4
2

]
- u1 =

[
1
1

]
- u2 =

[
1
−1

]
X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2- �M/ iQ }M/ � HBM2�` `2H�iBQM `2H�iBM; v rBi?
u1,u2 B7 bm+? 2tBbibX

BX Zm2biBQMX amTTQb2 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2X h?2M ?Qr Bb v `2H�i2/ rBi? u1,u2 i?`Qm;? �
HBM2�` `2H�iBQM\
�Mbr2`X A7 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2- i?2M #v /2}MBiBQM- i?2`2 �`2 bQK2 MmK#2`b α1,α2 bm+?
i?�i v = α1u1 + α2u2X

BBX 6m`i?2` [m2biBQMX "mi r?�i �`2 α1,α2\
�Mbr2`X q2 ?�p2 i?2 2[m�HBiB2b

[
α1 + α2
α1 − α2

]
= α1

[
1
1

]
+ α2

[
1
−1

]
= α1u1 + α2u2 = v =

[
4
2

]
.

h?2 /2}MBiBQM Q7 K�i`Bt 2[m�HBiv ;Bp2b
{

α1 + α2 = 4
α1 − α2 = 2

h?2M 2α1 = (α1 + α2) + (α1 − α2) = 4 + 2 = 6X h?2`27Q`2 α1 = 3X
�HbQ 2α2 = (α1 + α2)− (α1 − α2) = 4− 2 = 2X h?2`27Q`2 α1 = 1X

BBBX lT iQ MQr- r2 ?�p2 /Bb+Qp2`2/ i?�i,ě
Ç A7 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2 i?2M Bi Bb M2+2bb�`v 7Q` i?2 2[m�HBiv v = 3u1 + u2 iQ ?QH/X

BpX Zm2biBQMX "mi Bb Bi BM/22/ i`m2 i?�i v = 3u1 + u2\
�Mbr2`X "v /B`2+i +QKTmiBM;- r2 b22 i?�i

3u1 + 1u2 = 3
[
1
1

]
+
[
1
−1

]
=

[
4
2

]
= v.

>2M+2 v Bb BM/22/ � HBM2�` +QK#BM�iBQM Q7 u1,u2- i?`Qm;? i?2 HBM2�` `2H�iBQM v = 3u1 + u2X
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U#V G2i v =

[
5
3
1

]
- u1 =

[
1
0
0

]
- u2 =

[
1
1
0

]
- u3 =

[
1
1
1

]
X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3- �M/ iQ }M/ � HBM2�` `2H�iBQM `2H�iBM; v
rBi? u1,u2,u3 B7 bm+? 2tBbibX

BX Zm2biBQMX amTTQb2 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3X h?2M ?Qr Bb v `2H�i2/ rBi? u1,u2,u3 i?`Qm;?
� HBM2�` `2H�iBQM\
�Mbr2`X A7 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3- i?2M #v /2}MBiBQM- i?2`2 �`2 bQK2 MmK#2`b α1,α2,α3

bm+? i?�i v = α1u1 + α2u2 + α3u3X
BBX 6m`i?2` [m2biBQMX "mi r?�i �`2 α1,α2,α3\

�Mbr2`X q2 ?�p2 i?2 2[m�HBiB2b
[

α1 + α2 + α3
α2 + α3

α3

]
= α1

[
1
0
0

]
+ α2

[
1
1
0

]
+ α3

[
1
1
1

]
= α1u1 + α2u2 + α3u3 = v =

[
5
3
1

]
.

h?2 /2}MBiBQM Q7 K�i`Bt 2[m�HBiv ;Bp2b





α1 + α2 + α3 = 5
α2 + α3 = 3

α3 = 1

LQi2 i?�i α3 = 1X
h?2M α2 = (α2 + α3)− α2 = 3− 1 = 2X
LQr α1 = (α1 + α2 + α3)− (α1 + α2) = 5− 3 = 2X

BBBX lT iQ MQr- r2 ?�p2 /Bb+Qp2`2/ i?�i,ě
Ç A7 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3 i?2M Bi Bb M2+2bb�`v 7Q` i?2 2[m�HBiv v = 2u1 + 2u2 + u3 iQ

?QH/X
BpX Zm2biBQMX "mi Bb Bi BM/22/ i`m2 i?�i v = 2u1 + 2u2 + u3\

�Mbr2`X "v /B`2+i +QKTmiBM;- r2 b22 i?�i

2u1 + 2u2 + u3 = 2

[
1
0
0

]
+

[
1
1
0

]
+

[
1
1
1

]
=

[
5
3
1

]
= v.

>2M+2 v Bb BM/22/ � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3- i?`Qm;? i?2 HBM2�` `2H�iBQM v = 2u1 + 2u2 + u3X

U+V G2i v =

[
2
1
0

]
- u1 =

[
1
1
0

]
- u2 =

[
2
1
1

]
- u3 =

[
3
2
1

]
X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3- �M/ iQ }M/ � HBM2�` `2H�iBQM `2H�iBM; v
rBi? u1,u2,u3 B7 bm+? 2tBbibX

BX Zm2biBQMX amTTQb2 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3X h?2M ?Qr Bb v `2H�i2/ rBi? u1,u2,u3 i?`Qm;?
� HBM2�` `2H�iBQM\
�Mbr2`X A7 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3- i?2M #v /2}MBiBQM- i?2`2 �`2 bQK2 MmK#2`b α1,α2,α3

bm+? i?�i v = α1u1 + α2u2 + α3u3X
BBX 6m`i?2` [m2biBQMX "mi r?�i �`2 α1,α2,α3\

�Mbr2`X q2 ?�p2 i?2 2[m�HBiB2b
[

α1 + 2α2 + 3α3
α1 + α2 + 2α3

α2 + α3

]
= α1

[
1
1
0

]
+ α2

[
2
1
1

]
+ α3

[
3
2
1

]
= α1u1 + α2u2 + α3u3 = v =

[
2
1
0

]
.

h?2 /2}MBiBQM Q7 K�i`Bt 2[m�HBiv ;Bp2b





α1 + 2α2 + 3α3 = 2
α1 + α2 + 2α3 = 1

α2 + α3 = 0

LQi2 i?�i α2 + α3 = 0X
�HbQ MQi2 i?�i α2 + α3 = (α1 + 2α2 + 3α3)− (α1 + α2 + 2α2) = 2− 1 = 1X
h?2M 0 = α2 + α3 = 1- r?B+? Bb BKTQbbB#H2X
>2M+2 v Bb MQi � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3X

U/V G2i v =

[
6
4
2

]
- u1 =

[
1
0
0

]
- u2 =

[
1
1
0

]
- u3 =

[
1
1
1

]
- u4 =

[
1
2
3

]
X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3,u4- �M/ iQ }M/ � HBM2�` `2H�iBQM `2H�iBM;
v rBi? u1,u2,u3,u4 B7 bm+? 2tBbibX

e



BX Zm2biBQMX amTTQb2 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3,u4X h?2M ?Qr Bb v `2H�i2/ rBi? u1,u2,u3,u4

i?`Qm;? � HBM2�` `2H�iBQM\
�Mbr2`X A7 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3,u4- i?2M #v /2}MBiBQM- i?2`2 �`2 bQK2 MmK#2`b
α1,α2,α3,α4 bm+? i?�i v = α1u1 + α2u2 + α3u3 + α4u4X

BBX 6m`i?2` [m2biBQMX "mi r?�i �`2 α1,α2,α3,α4\
�Mbr2`X q2 ?�p2 i?2 2[m�HBiB2b
[

α1 + α2 + α3 + α4
α2 + α3 + 2α4

α3 + 3α4

]
=α1

[
1
0
0

]
+α2

[
1
1
0

]
+α3

[
1
1
1

]
+α4

[
1
2
3

]
=α1u1+α2u2+α3u3+α4u4=v=

[
6
4
2

]
.

h?2 /2}MBiBQM Q7 K�i`Bt 2[m�HBiv ;Bp2b





α1 + α2 + α3 + α4 = 6
α2 + α3 + 2α4 = 4

α3 + 3α4 = 2

"v Q#b2`p�iBQM- i?2b2 2[m�HBiB2b BM im`M ;Bp2 `2H�iBQMb r?B+? `2H�i2 2�+? Q7 α1,α2,α3 BM i2`Kb Q7 α4 �HQM2,
Ç q2 ?�p2 α1 − α4 = (α1 + α2 + α3 + α4)− (α2 + α3 + 2α4) = 6− 4 = 2X h?2M α1 = 2 + α4X
Ç q2 ?�p2 α2 − α4 = (α2 + α3 + 2α4)− (α3 + 3α4) = 4− 2 = 2X h?2M α2 = 2 + α4

Ç q2 ?�p2 α3 − α4 = 2X h?2M α3 = 2 + α4X
BBBX lT iQ MQr- r2 ?�p2 /Bb+Qp2`2/ i?�i,ě

Ç A7 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3,u4 i?2M Bi Bb M2+2bb�`v 7Q` i?2 2[m�HBiv

v = (2 + t)u1 + (2 + t)u2 + (2 + t)u3 + tt4

iQ ?QH/ 7Q` bQK2 MmK#2` tX
BpX Zm2biBQMX "mi Bb Bi BM/22/ i`m2 i?�i v = (2 + t)u1 + (2 + t)u2 + (2 + t)u3 7Q` bQK2 MmK#2` t\

�Mbr2`X Ai ?�TT2Mb i?�i r?2M- b�v- t = 0- r2 ?�p2

(2 + t)u1 + (2 + t)u2 + (2 + t)u3 + tu4 = 2u1 + 2u2 + 2u3 + 0 · u4 = 2

[
1
0
0

]
+ 2

[
1
1
0

]
+ 2

[
1
1
1

]
=

[
6
4
2

]
= v.

>2M+2 v Bb BM/22/ � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3,u4- i?`Qm;? i?2 HBM2�` `2H�iBQM v = 2u1+2u2+2u3+
0 · u4X

_2K�`FX �b b22M BM i?Bb 2t�KTH2- /2i2`KBMBM; r?2i?2` � ;Bp2M p2+iQ` Bb � HBM2�` +QK#BM�iBQM Q7 � MmK#2` Q7
;Bp2M p2+iQ`b HQQFb /B{+mHi- #2+�mb2 i?2 T`Q+2bb BMpQHp2b bQHpBM; � +QKTHB+�i2/ bvbi2K Q7 ǵbBKmHi�M2Qmb 2[m�iBQMbǶ
r?B+? �`Bb2b M�im`�HHv BM i?2 T`Q+2bbX

ReX �Hi2`M�iBp2 �`;mK2Mi 7Q` h?2Q`2K U9V- �b �M BHHmbi`�iBQM QM i?2 �TTHB+�iBQM Q7 K�i?2K�iB+�H BM/m+@
iBQMX
G2i u1,u2, · · · ,uq #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX Uh?2v �`2 F2Ti }t2/ i?`Qm;?Qmi i?2 `2bi Q7 i?2 �`;mK2MiXV
"v �TTHvBM; K�i?2K�iB+�H BM/m+iBQM- �M/ #v +QMb+BQmbHv �TTHvBM; h?2Q`2K UjV- r2 p2`B7v i?2 bi�i2K2Mi

ǵ6Q` �Mv TQbBiBp2 BMi2;2` s- B7 α1,α2, · · · ,αs �`2 MmK#2`b- �M/ v1,v2, · · · ,vs �`2 HBM2�` +QK#BM�iBQMb Q7
u1,u2, · · · ,uq- �M/ i?2M α1v1 + α2v2 + · · ·+ αsvs Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqXǶ

.2MQi2 #v P (s) i?2 T`QTQbBiBQM #2HQr,

ǵA7 α1,α2, · · · ,αs �`2 MmK#2`b- �M/ v1,v2, · · · ,vs �`2 HBM2�` +QK#BM�iBQMb Q7 u1,u2, · · · ,uq i?2M α1v1+α2v2+

· · ·+ αsvs Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqXǶ

q2 p2`B7v P (1),

amTTQb2 α1 Bb � MmK#2`- �M/ v1 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
h?2M #v h?2Q`2K UjV- α1v1 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX

amTTQb2 P (k) Bb i`m2X
LQi2 i?�i P (k + 1) `2�/b,

ǵA7 �M/ α1,α2, · · · ,αk,αk+1 �`2 MmK#2`b- �M/ v1,v2, · · · ,vk,vk+1 �`2 HBM2�` +QK#BM�iBQMb Q7 u1,u2, · · · ,uq-
i?2M α1v1 + α2v2 + · · ·+ αk+1vk+1 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqXǶ

d

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User
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Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User
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qBi? i?2 ?2HT Q7 P (k)- r2 p2`B7v P (k + 1),

amTTQb2 α1,α2, · · · ,αk,αk+1 �`2 MmK#2`b �M/ v1,v2, · · · ,vk,vk+1 �`2 HBM2�` +QK#BM�iBQMb Q7 u1,u2, · · · ,uqX
"v P (k)- α1v1 + α2v2 + · · ·+ αkvk Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
"v P (1)- αk+1vk+1 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
h?2M- #v h?2Q`2K UjV- α1v1 + α2v2 + · · ·+ αkvk + αk+1vk+1 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
h?2`27Q`2 P (k + 1) Bb i`m2X

"v i?2 S`BM+BTH2 Q7 J�i?2K�iB+�H AM/m+iBQM- P (s) Bb i`m2 7Q` �Mv TQbBiBp2 BMi2;2` sX

3


